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Let X and Y be Banach spaces and T : Y → X be a bounded operator. In this note, we show
ﬁrst some operator versions of the dual relation between q-convexity and p-smoothness
of Banach spaces case. Making use of them, we prove then the main result of this note
that the two notions of uniform q-convexity and uniform p-smoothness of an operator T
introduced by J. Wenzel are actually equivalent to that the corresponding T -modulus δT
of convexity and the T -modulus ρT of smoothness introduced by G. Pisier are of power
type q and of power type p, respectively. This is also an operator version of a combination
of a Hoffman’s theorem and a Figiel–Pisier’s theorem. As their application, we show
ﬁnally that a recent theorem of J. Borwein, A.J. Guirao, P. Hajek and J. Vanderwerff about
q-convexity of Banach spaces is again valid for q-convexity of operators.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let X be a Banach space and X∗ its dual. We denote respectively by BX and S X the closed unit ball and the unit
sphere of X . In this paper, we aim at showing the two notions of uniform q-convexity and uniform p-smoothness of
an operator T introduced by J. Wenzel [14] are actually equivalent to that the corresponding T -modulus δT of convexity
and the T -modulus ρT of smoothness introduced by G. Pisier [11] are of power type q and of power type p, respectively.
Or, in other words, we generalize a theorem of Hoffman [7], and a theorem of Figiel and Pisier [6] about q-convexity and
p-smoothness of Banach spaces to the operator case.
To begin with, we provide in this section basic terminology and notation.
The following moduli of convexity and smoothness (denoted by δX and ρX , resp.) introduced by J. Lindenstrauss [9] for
a Banach space X are very important quantitative indicators for the study of uniform convexity and smoothness of X
δX (ε) = inf
{
1−
∥∥∥∥ x+ y2
∥∥∥∥: ‖x‖ 1, ‖y‖ 1, ‖x− y‖ ε
}
, ε ∈ [0,2],
and
ρX (τ ) = sup
{‖x+ τ y‖ + ‖x− τ y‖
2
− 1: ‖x‖ 1, ‖y‖ 1
}
, τ ∈ [0,∞).
A Banach space X is said to be uniformly convex (smooth, resp.) provided δX (ε) > 0 for all 0 < ε  2 (limτ→0+ ρX (τ )τ = 0,
resp.). If, in addition, there exist 2 q < ∞ (1 < p  2, resp.) and a constant C > 0 such that δX (ε) Cεq for all ε ∈ [0,2]
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408 L. Cheng, Q. Cheng / J. Math. Anal. Appl. 371 (2010) 407–413(ρX (τ )  Cτ p for all τ  0, resp.), then X is called q-convex (p-smooth, resp.) [11, p. 336]. A remarkable result in this
direction is the Enﬂo–Pisier theorem [5,11]: A Banach space is super-reﬂexive if and only if it can be renormed to be
q-convex for some q 2. If X is q-convex (p-smooth) then we say also X admits convexity of power type q (smoothness of
power type p).
Motivated by Beauzamy’s generalization [1] of the uniform convexity of Banach spaces to operators, Pisier [11] introduced
indicators δT and ρT of convexity and smoothness for a bounded operator T : Y → X in 1975: The modulus δT of convexity
of T is deﬁned by
δT (ε) = inf
{
1−
∥∥∥∥ x+ y2
∥∥∥∥: x, y ∈ BY , ‖T x− T y‖ ε
}
, ε ∈ [0,2],
and correspondingly, the modulus ρT of smoothness of T by
ρT (τ ) = sup
{‖x+ τ T y‖ + ‖x− τ T y‖
2
− 1: x ∈ BX , y ∈ BY
}
, τ ∈ [0,∞).
The operator T is called uniformly convex (smooth, resp.) provided δT (ε) > 0 for all 0 < ε  2 (limτ→0+ ρT (τ )τ = 0, resp.).
Analogously, we can deﬁne q-convexity and p-smoothness of an operator T by substituting δT and ρT for δX and ρX in the
corresponding notions mentioned preciously.
We would like to mention that Pisier [11, p. 347] used an implicit notion of the q-convexity of an operator. He pointed
out that from a result of Beauzamy [1] that not every uniformly convex operator can be q-convexiﬁable.
For discussion of some strong martingale type p of a Banach space X , J. Wenzel [14] introduced the following notions
of uniform q-convexity and smoothness of an operator in 2005: A bounded operator T : Y → X is said to be uniformly
q-convex provided that there exists a constant C > 0 such that
C‖T x− T y‖q  2q−1(‖x‖q + ‖y‖q)− ‖x− y‖q, for all x, y ∈ Y ;
and the operator T is called uniformly p-smooth if there exists a constant c > 0 such that
‖x+ T y‖p + ‖x− T y‖p  2‖x‖p + c‖y‖p, for all x ∈ X, y ∈ Y .
In this note, we show that the notions of q-convexity (p-smoothness) and the uniform q-convexity (uniform p-smoothness)
are actually equivalent.
2. Operator versions of uniform convexity and uniform smoothness
It is well known that J. Lindenstrauss [9] showed the following close relationship between the modulus δX of convexity
of X and the modulus ρX of smoothness of X
ρX∗(τ ) = sup
{
τε
2
− δX (ε): 0 ε  2
}
,
and
ρX (τ ) = sup
{
τε
2
− δX∗(ε): 0 ε  2
}
.
The two equalities above are again valid for ρT and ρT ∗ . This fact was mentioned by J. Wenzel [13] without proof: we
give its simple proof for completeness.
Theorem 2.1. Let T : Y → X be a bounded operator and T ∗ be the dual operator of T . Then
ρT ∗(τ ) = sup
{
τε
2
− δT (ε): 0 ε  2‖T‖
}
, (2.1)
and
ρT (τ ) = sup
{
τε
2
− δT ∗(ε): 0 ε  2‖T‖
}
. (2.2)
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2ρT ∗(τ ) = sup
{∥∥v + τ T ∗u∥∥+ ‖v − τ T u‖ − 2: u ∈ S X∗ , v ∈ SY ∗}
= sup{v(x) + τ (T ∗u)x+ v(y) − τ (T ∗u)y − 2: x, y ∈ SY , u ∈ S X∗ , v ∈ SY ∗}
= sup{‖x+ y‖ + τ‖T x− T y‖ − 2: x ∈ SY , y ∈ SY }
= sup{‖x+ y‖ + τε − 2: x, y ∈ SY , ‖T x− T y‖ = ε, 0 ε  2‖T‖}
= sup{τε − 2δT (ε): 0 ε  2‖T‖}.
Therefore, (2.1) holds. A similar way entails (2.2) is valid. 
The following theorem shows that the notions of q-convexity and p-smoothness of operators are also dual properties,
which will be used later.
Theorem 2.2. Suppose that T : Y → X is a bounded operator, and suppose that 1 < p < ∞ and q = pp−1 . Then
(1) T (T ∗) is uniformly smooth if and only if T ∗ (T ) is uniformly convex;
(2) T (T ∗) is q-convex if and only if T ∗ (T ) is p-smooth.
Proof. The proof of (1) follows immediately from the dual results above (see also Proposition 4 in [13]).
(2) Suppose that T ∗ is q-convex, i.e., δT ∗(ε) Cεq for some C > 0. According to the duality formula (2.2) again,
ρT (τ ) = sup
0ε2‖T‖
{
tε
2
− δX∗(ε)
}
 sup
0ε2‖T‖
{
τε
2
− Cεq
}
.
Let f (ε) = τε2 − Cεq . Then f is a concave function in ε ∈ R+ for any ﬁxed τ , and its derivative f ′ satisﬁes f ′(ε) =
τ
2 − qCεq−1. Consequently, f attains its maximum value at ε0 = ( τ2qC )
1
q−1 with f (ε0) = ( 12qC )
1
q−1 ( 12 − 12q )τ p > 0 for any
τ > 0. Therefore
ρT (τ ) f (ε0) = C1τ p
where C1 = ( 12qC )
1
q−1 ( 12 − 12q ).
Conversely, suppose that T is uniformly p-smooth, i.e., there exists a positive number C such that ρT (τ ) Cτ p for all
τ > 0. Let g(τ ) = τε2 − Cτ p for τ > 0. By a discussion of g which is much like the previous one of f , we obtain that
δX∗(ε) C2εq, for all 0 ε  2‖T‖,
where C2 = ( 12pC )
1
p−1 ( 12 − 12p ).
We can also show the assertion that T ∗ is q-convex if and only if T is p-smooth by an analogous argument. 
We conclude this section with the following lemma (see, for instance [12]) which is simple but useful for showing the
main result of this paper in next section.
Lemma 2.3. Let u, v be two real numbers. Then
(1) up − vp  pup−1(u − v), for all u, v  0 and p  1;
(2) 12 (|u + v|p + |u − v|p) |u|p + |v|p , for all 1 p  2.
3. Equivalence of q-convexity and uniform q-convexity
In this section, we shall show the main result of this paper, namely, Theorems 3.2 and 3.3. The former is an operator
version of Hoffman’s theorem [7], while the latter is also a generalization of Figiel–Pisier’s theorem to operators. We would
like to mention here that our proof is different from the classical ones, because we cannot take the advantage of two
important facts about moduli of convexity and smoothness due to Dvoretzky [4] and Nordlander [10]: For every Banach
space X , there exist two positive constants c1 and c2 such that the moduli of smoothness ρX and convexity δX of X satisfy
ρX (τ ) c1τ 2 and δX (ε) c2ε2. Applying the duality facts of operators presented in Section 2 and motivated by Beauzamy’s
410 L. Cheng, Q. Cheng / J. Math. Anal. Appl. 371 (2010) 407–413construction [2, pp. 311–312], however, the diﬃculty shall be overcome. We wish to thank Professor Bu and Professor
Hoffman for informing us about these facts.
To begin with, we recall deﬁnitions of the uniform q-convexity and the uniform p-smoothness of operators which were
introduced by J. Wenzel [14].
Deﬁnition 3.1. Let T : Y → X be a bounded operator.
(1) T is said to be uniformly q-convex provided there exists a constant C > 0 such that
C‖T x− T y‖q  2q−1(‖x‖q + ‖y‖q)− ‖x− y‖q, for all x, y ∈ Y ;
(2) T is called uniformly p-smooth provided there exists a constant c > 0 such that
‖x+ T y‖p + ‖x− T y‖p  2‖x‖p + c‖y‖p, for all x ∈ X, y ∈ Y .
We shall use the words “convexity (smoothness) of power type q (p)”, instead of “q-convexity (p-smoothness)” in this
section.
Theorem 3.2. Let T : Y → X be a bounded linear operator, and let 1 p  2. Then T admits smoothness of power type p if and only
if T is uniformly p-smooth.
Proof. Without loss of generality, we may assume ‖T‖ = 1.
Necessity. Assume that there is C > 0 such that ρT (τ ) Cτ p for all τ > 0. Then, for all x ∈ X with x = 0, y ∈ Y ,∥∥∥∥ x+ T y2
∥∥∥∥+
∥∥∥∥ x− T y2
∥∥∥∥ ‖x‖
(
1+ C ‖y‖
p
‖x‖p
)
.
Thus,
1
2
(‖x+ T y‖ − (‖x‖ + ‖T y‖)+ ‖x− T y‖ − (‖x‖ − ‖T y‖)) ‖x‖C ‖y‖p‖x‖p . (3.1)
Case I. ‖T y‖  ‖x‖. Note max{‖x + T y‖,‖x − T y‖}  2‖x‖. Let u = ‖x + T y‖, v = ‖x‖ + ‖T y‖, and u = ‖x − T y‖, v =
‖x‖ − ‖T y‖, successively. According to Lemma 2.3(1), we have
‖x+ T y‖p  (‖x‖ + ‖T y‖)p + p‖x+ T y‖p−1(‖x+ T y‖ − (‖x‖ + ‖T y‖)) (3.2)
and
‖x− T y‖p  (‖x‖ − ‖T y‖)p + p‖x− T y‖p−1(‖x− T y‖ − (‖x‖ − ‖T y‖)). (3.3)
Combining Lemma 2.3(2), and the three inequalities (3.1)–(3.3), we observe
1
2
(‖x+ T y‖p + ‖x− T y‖p) 1
2
[(‖x‖ + ‖T y‖)p + (‖x‖ − ‖T y‖)p]+ p(2‖x‖)p−1‖x‖C ‖y‖p‖x‖p
 ‖x‖p + ‖T y‖p + p2p−1C‖y‖p
 ‖x‖p + (1+ p2p−1C)‖y‖p . (3.4)
Case II. ‖T y‖ ‖x‖. Note max{‖x+ T y‖,‖x− T y‖} 2‖T y‖. We obtain
1
2
[‖x+ T y‖p + ‖x− T y‖p] 2p‖T y‖p  ‖x‖p + 2p‖y‖p . (3.5)
Put C0 = 2max{2p, (1+ p2p−1C)}. Then, (3.4) and (3.5) together imply that for all x ∈ X , y ∈ Y ,
‖x+ T y‖p + ‖x− T y‖p  2‖x‖p + C0‖y‖p,
and this says that T is uniformly p-smooth.
Suﬃciency. Assume that T is uniformly p-smooth. Then there is a constant C > 0 such that for all x ∈ X, y ∈ Y ,
‖x+ T y‖p + ‖x− T y‖p  2‖x‖p + C‖y‖p . (3.6)
This and the fact that (u + v)p  2p−1(up + vp) (for u, v  0 and p  1) imply
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{∥∥∥∥ x+ T y2
∥∥∥∥+
∥∥∥∥ x− T y2
∥∥∥∥− 1: x ∈ S X , y ∈ τ SY
}
 sup
{(∥∥∥∥ x+ T y2
∥∥∥∥+
∥∥∥∥ x− T y2
∥∥∥∥
)p
− 1: x ∈ S X , y ∈ τ SY
}
 sup
{
1
2
(‖x+ T y‖p + ‖x− T y‖p)− 1: x ∈ S X , y ∈ τ SY
}
.
 C
2
τ p.  (3.7)
Theorem 3.3. Let T : Y → X be a bounded linear operator, and let 2 q < +∞. Then T admits convexity of power type q if and only
if T is uniformly q-convex.
Proof. Necessity. Assume δT (ε)  Cεq for some C > 0. By Theorem 2.2, the dual T ∗ admits smoothness of power type
p = qq−1 ; or equivalently, ρT ∗(τ )  C1τ p for some constant C1 > 0. It follows from Theorem 3.2 that there is C2 > 0 such
that for all y∗ ∈ Y ∗ , x∗ ∈ X∗ ,
∥∥y∗ + T ∗x∗∥∥p + ∥∥y∗ − T ∗x∗∥∥p  2∥∥y∗∥∥p + C2∥∥x∗∥∥p .
Let C0 = ( 2C2 )
1
p and replace x∗ by C0x∗ in the inequality above. Then for all y∗ ∈ Y ∗ , x∗ ∈ X∗ ,
∥∥y∗ + C0T ∗x∗∥∥p + ∥∥y∗ − C0T ∗x∗∥∥p  2(∥∥y∗∥∥p + ∥∥x∗∥∥p). (3.8)
Next let that c = Cq0. For any non-zero x, y ∈ Y , put
x1 = C0(T x− T y)
(‖x+ y‖q + c‖T x− T y‖q) 1q
, and y1 = x+ y
(‖x+ y‖q + c‖T x− T y‖q) 1q
.
Then ‖x1‖q + ‖y1‖q = 1. This means that (x1, y1) ∈ S X×Y , where the product X × Y is endowed with the q-norm | · |q , i.e.,
|(x, y)|q = (‖x‖q + ‖y‖q)
1
q . Let Φ ≡ (x∗, y∗) ∈ S X∗×Y ∗ such that
Φ(x1, y1) = x∗(x1) + y∗(y1) =
∣∣(x∗, y∗)∣∣p = (
∥∥x∗∥∥p + ∥∥y∗∥∥p) 1p = 1. (3.9)
This entails that
C0x
∗(T x− T y) + y∗(x+ y) = (‖x+ y‖q + c‖T x− T y‖q) 1q ,
or equivalently,
‖x+ y‖q + c‖T x− T y‖q = [C0x∗(T x− T y) + y∗(x+ y)]q
= [(y∗ + C0T ∗x∗)(x) + (y∗ − C0T ∗x∗)(y)]q

[∥∥y∗ + C0T ∗x∗∥∥‖x‖ + ∥∥y∗ − C0T ∗x∗∥∥‖y‖]q.
We use Hölder’s inequality to the last term denoted by γ of the equalities above, and together with (3.8),
γ 
(∥∥y∗ + C0T ∗x∗∥∥p + ∥∥y∗ − C0T ∗x∗∥∥p) qp (‖x‖q + ‖y‖q) qq

[
2
(∥∥y∗∥∥p + ∥∥x∗∥∥p)] qp (‖x‖q + ‖y‖q)= 2 qp (‖x‖q + ‖y‖q).
Since qp = q − 1, we have proven that for all x, y ∈ Y ,
‖x+ y‖q + c‖T x− T y‖q  2q−1(‖x‖q + ‖y‖q),
that is, T is uniformly q-convex.
Suﬃciency. Assume that T is uniformly q-convex. Then there is a constant c > 0 such that for all x, y ∈ Y ,
‖x+ y‖q + c‖T x− T y‖q  2q−1(‖x‖q + ‖y‖q).
Therefore, for every ε > 0 and for all x, y ∈ SY with ‖T x− T y‖ = ε, we have
1−
∥∥∥∥ x+ y2
∥∥∥∥ c2q εq.
C = cq , which concludes our proof. 2
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Corollary 3.4. Suppose X is a Banach space and 1 p  2 q < ∞. Then
(1) A suﬃcient and necessary condition for X admitting smoothness of power type p is that there exists a constant C > 0 such that
‖x+ y‖p + ‖x− y‖p  2‖x‖p + C‖y‖p, ∀x, y ∈ X;
(2) A suﬃcient and necessary condition for X admitting convexity of power type q is that there exists a constant C > 0 such that
C‖x− y‖q  2q−1(‖x‖q + ‖y‖q)− ‖x+ y‖q, ∀x, y ∈ X .
Remark 3.5. The ﬁrst assertion in Corollary 3.4 was showed by Hoffman [7], while its dual version (the second statement
in Corollary 3.4) is a consequence of a result of Figiel and Pisier [6].
4. Final remarks
Recently, J. Borwein, A.J. Guirao, P. Hajek and J. Vanderwerff [3] studied the uniform convexity of functions on Banach
spaces. The following theorem follows from their results (see, for instance, Theorem 2.3 in [3]), and in particular, for q = 2
see Theorem 3.4 in [8].
Theorem 4.1. Let X be a Banach space and 2 q < +∞. Then the following two statements are equivalent:
(1) ‖xn − yn‖ → 0 whenever {xn}, {yn} are sequences in X such that
2q−1
(‖xn‖q + ‖yn‖q)− ‖xn + yn‖q → 0;
(2) X is q-convex, that is, X admits convexity of power type q.
Next we show that an operator version of the theorem above.
Theorem 4.2. Let T : Y → X be a bounded linear operator and 2 q < +∞. Then the following assertions are equivalent:
(1) ‖T xn − T yn‖ → 0 whenever {xn}, {yn} are sequences in Y such that
2q−1
(‖xn‖q + ‖yn‖q)− ‖xn + yn‖q → 0;
(2) T is q-convex, that is, T admits convexity of power type q.
Proof. (1) ⇒ (2). Suppose, to the contrary, that T is not q-convex. Then for every n ∈ N, there exists 0 < εn such that
δX (εn) <
1
n (εn)
q . This enables us to ﬁnd un, vn ∈ SY such that ‖un − vn‖ εn and ‖un + vn‖ 2− 2n εqn for all n ∈ N. Let
xn = 1
εn
un, yn = 1
εn
vn.
Then
‖xn − yn‖ 1 and ‖xn + yn‖ 2
εn
− 2
n
εn
q−1.
Consequently,
2q−1
(‖xn‖q + ‖yn‖q)− ‖xn + yn‖q 
(
2
εn
)q
−
(
2
εn
− 2
n
εn
q−1
)q
.
We denote the right-hand side term of the last inequality by γ , and use Lemma 2.3(1) to it with u = 2εn and v = 2εn − 2n εnq−1.
Then
γ  q
(
2
εn
)q−1(2
n
εn
q−1
)
= 2q q
n
.
Therefore, 2q−1(‖xn‖q + ‖yn‖q) − ‖xn + yn‖q → 0, but ‖xn − yn‖ 1. This contradicts to the hypothesis of (1).
(2) ⇒ (1). It is just a direct consequence of Theorem 3.3. 
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